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ABSTRACT
We study the anisotropy of II-order structure functions defined in a frame attached to the local mean field in
three-dimensional (3D) direct numerical simulations of magnetohydrodynamic turbulence, including or not the
solar wind expansion. We simulate spacecraft flybys through the numerical domain by taking increments along
the radial (wind) direction that forms an angle of 45o with the ambient magnetic field. We find that only when
expansion is taken into account, do the synthetic observations match the 3D anisotropy observed in the solar
wind, including the change of anisotropy with scales. Our simulations also show that the anisotropy changes
dramatically when considering increments oblique to the radial directions. Both results can be understood by
noting that expansion reduces the radial component of the magnetic field at all scales, thus confining fluctua-
tions in the plane perpendicular to the radial. Expansion is thus shown to affect not only the (global) spectral
anisotropy, but also the local anisotropy of second-order structure functions by influencing the distribution of
the local mean field, which enters this higher-order statistics.
Subject headings: The Sun, Solar wind, Magnetohydrodynamics (MHD), Plasma, Turbulence.
1. INTRODUCTION
The solar wind is known to be a turbulent medium since
many decades (Coleman 1968) and is probably the best ex-
ample of natural turbulent laboratory in astrophysics (e.g.
Bruno & Carbone 2013). Turbulence shows most of the
time a non zero global mean field B0, which should lead
to an anisotropic cascade with the spectrum being axisym-
metric around it (Montgomery & Turner 1981; Shebalin et al.
1983; Grappin 1986). As the angle between B0 and the
radial direction varies, a spacecraft embedded in the radial
solar wind samples data in different directions with respect
to the mean field. This allows one to measure the correla-
tion function in two dimensions, which has the chacteristic
of an anisotropic cascade (Matthaeus et al. 1990; Bieber et al.
1996; Dasso et al. 2005; Hamilton et al. 2008).
However, the axisymmetry assumption has been found
to break down in several works (Saur & Bieber 1999;
Narita et al. 2010; Chen et al. 2012). This may result from
(a), considering scales large enough for the expansion to play
a role and/or (b), considering anisotropy with respect to the lo-
cal mean field instead of the global mean field. While having
a reference frame attached to the global B0 is preferable for
studying the turbulent dissipation (e.g. Verdini et al. 2015), a
reference frame attached to the local, scale-dependent, mean
field (Bℓ) allows one to reveal the effect of local dynam-
ics in magnetohydrodynamic (MHD) turbulence. In the lat-
ter case a different scaling in the two directions parallel
and perpendicular to Bℓ was found both in direct numerical
simulations (DNS) (e.g. Cho & Vishniac 2000; Milano et al.
2001; Beresnyak & Lazarian 2009; Grappin et al. 2013) and
in the solar wind (e.g. Horbury et al. 2008; Podesta 2009;
Luo & Wu 2010; Wicks et al. 2010, 2011, 2012, 2013;
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Chen et al. 2011; He et al. 2013).
Deviations from axisymmetry (in the form of three distinct
scaling laws) appear when considering two perpendicular di-
rections instead of a single one (see Boldyrev 2006). In their
recent measurements Chen et al. (2012) show how the small
scale ordering of the structure functions (SF) is completely
modified in the solar wind when passing from small to large
scales. While the small-scale anisotropy is roughly compati-
ble with three-dimensional anisotropic phenomenology of tur-
bulence (Boldyrev 2006), the large-scale anisotropy has no
explanation so far.
In this Letter we focus on the large-scale ordering and
we explain it with phenomenological arguments supported
by DNS of MHD equations modified to include expan-
sion (expanding box model or EBM, Grappin et al. 1993;
Grappin & Velli 1996). The EBM has been recently used
(Dong et al. 2014) to show the scale-dependent competition
between two axes of symmetry, the mean field axis and the
radial axis. Here we show that it is able to reproduce both
the large and small scale anisotropy of the SF along the three
ortogonal direction defining the frame attached to the local,
scale-dependent mean field.
2. SIMULATIONS AND PARAMETERS
We follow the evolution of a plasma volume embedded in
a mean flow with constant speed. Turbulent evolution with
distance is thus modeled as decaying, unforced turbulence.
Two runs are analyzed: run A assumes a uniform parallel
mean flow, run B assumes a radial mean flow, as is the so-
lar wind. The full MHD equations (continuity, induction, ve-
locity and energy equations), are integrated in time with a
pseudo-spectral code on a grid of 10243 points. For run B,
the MHD equations are modified to incorporate expansion,
becoming the EBM equations (Dong et al. 2014). In the fol-
lowing, velocities are normalized to the initial rms amplitude
of velocity fluctuations urms, lengths to the box size L0, and
2Fig. 1.— Panel (a). Reference frame for simulations at t = t∗. The R, T, N
directions correspond to the x, y, z coordinates of the numerical domain.
The mean magnetic field B0 forms an angle θB0 = 45o with the direction
of increments ℓ = ℓxˆ connecting the fluctuations B1 and B2. Panel (b).
Local reference frame for computing the 3D anisotropy of structure functions.
The axes ζ, ξ, λ and the angles θB, θδB⊥ are defined for each couple of
points by the local magnetic field Bℓ = (B1 + B2)/2 and by the fluctuation
δB = B2 − B1 .
time to the initial eddy turnover time t0
nl = L
0/2πurms . The
magnetic field B is also expressed in unit of Alfve´n speed,
B/
√
4πρ0, with ρ0 being the average density.
We first define the expanding run B. The reference frame,
x, y, z, is aligned with the R, T, N coordinates of the he-
liocentric reference frame (Figure 1a). The domain is ad-
vected by the solar wind at a constant speed VS W : dif-
ferent times t correspond to different heliocentric distances,
R(t) = R0 + VS W t, with R0 being the initial position of the
simulation domain. During advection, the domain inflates
anisotropically: the radial dimension Lx does not change with
time, while the lateral dimensions scale as Ly, Lz ∝ R(t).
The rate of inflation is set by the expansion parameter, ǫ =
t0
nl/t
0
exp = (L0/2πurms)/(R0/VS W), where t0exp = R0/VS W is the
initial expansion time. We fix the initial heliocentric distance
R0 = 0.2 AU, the lateral dimension of the numerical domain
L0y = L0z = L0 = R0/5, and the ratio urms/VS W = 1/4π, yield-
ing finally ǫ = 0.4. The initial aspect ratio is R0x = L0y/L0x =
1/5 so that at R = 1 AU we have a cubic numerical domain
Lx,y,z = R0 = 5L0 = 0.2 AU. The conservation of magnetic
flux implies B0 ∝ (1/R, 1, 1), we thus impose an oblique ini-
tial mean field, B0 = [1, 1/5, 0], to have an average Parker
spiral angle of 45o at 1 AU. Finally we set equal viscosity,
resistivity, and conductivity, ν = η = κ = 6 10−5 and allow
the coeffcients to vary as 1/R to cope with the damping of
fluctuations due to expansion.
For the non-expanding run A (ǫ = 0), we choose L0x = L0y =
L0z = R0, B0 = [
√
2,
√
2, 0], ν = η = κ = 1.1 10−4.
The fluctuations B and u are initialized in the same way in
both runs, as a superposition of modes with random phases,
with the velocity being divergence-less. Their spectra fol-
low a bi-normal distribution in the Fourier space, of widths
σ⊥ = 4k0 and σ‖ = σ⊥/4 for wavevectors perpendicular and
parallel to B0 respectively (k0 = 2π/L0). The initial eddy-
turnover time is thus four times smaller in the perpendicu-
lar directions than in the parallel direction. In the expanding
case, this reduces the expansion effects in the directions per-
pedicular to the radial. The magnetic and kinetic fields are at
equipartition, Brms = urms = 1, subsonic (the sound speed is
cs ∼ 7), and have statistically vanishing correlation 〈u ·B〉 ∼ 0
(no imbalance between the Elsa¨sser modes).
To compute the anisotropy of structure functions we use the
procedure described in Chen et al. (2012). For each couple of
points x1, x2 separated by the increment ℓ = x2 − x1, we
define the local mean field as Bℓ = 1/2(B1+ B2) and the fluc-
tuating field as δB = B2 − B1, where B1,2 = B(x1,2). The lo-
cal scale-dependent reference frame, shown in Figure 1b, has
the vertical axis ζ oriented along Bℓ, the first perpendicular
axis ξ oriented along the perpendicular fluctuation direction
δB⊥ ∝ Bℓ × [δB × Bℓ], and the second perpendicular axis λ
perpendicular to both Bℓ and δB⊥. In this reference frame, the
polar and azimuthal angles θB and θδB⊥ define the direction of
increment with respect to the local mean field. For each pair
of points the B-trace structure function, SF = |δB|2, is accu-
mulated in 5o bins for θB, θδB⊥ ∈ [0o, 90o], and then averaged
in each bin (we reflected below 90o any angles larger than
90o). Increments, except when otherwise stated, are com-
puted along the x direction ℓ = ℓx, corresponding to space-
craft flybys along the radial direction in the solar wind frame,
as in observations.
We first present the results of the flyby analysis on simu-
lated data at t∗ = 2.8 for run A and at t∗ = 10 for run B. We
then show how the anisotropy evolves in time in the two runs.
While t∗ in run B is chosen to reproduce data at R = 1 AU, the
choice for run A is arbitraty. Homogeneous runs evolve more
rapidly than expanding runs since, in the latter, fluctuations
are damped by both turbulence and expansion and so the non-
linear time increases more rapidly. We thus chose a different
time in run A, after the peak of current density (t ∼ 2.4) but
not too late, in order to have a Reynolds number Re ≈ 1200
and Brms/B0 ≈ 0.9 comparable to those of run B at t∗ = 10
(Brms/B0 ∼ 1.5 and Re ≈ 1300) 2.
3. RESULTS
In Figure 2a we plot the SF of the homogenous run A as a
function of wavenumber k = 2π/ℓx for three couples of angle
θB, θδB⊥ corresponding to the directions ξ, λ, ζ in the local
reference frame of Figure 1b. Increments are taken along the
x direction, which forms an angle of 45o with the mean field
B0. At large scales k . 8 the SFs have comparable energy in
the three directions. At small scales, 8 . k . 60, we have
SF(λ) > SF(ξ) > SF(ζ) with the the following approximate
scaling SF ∝ λ1/2, ξ2/3, ζ1 (the power-law range is actually
smaller in ξ and ζ).
In panel (b) we show the same plot for the expanding run
B. Its overall structure differs completely from run A. Now
SF(λ) and SF(ξ) have parallel profiles roughly proportional to
λ1/2, ξ1/2 in the small-scale range, 10 . k . 50. SF(λ) is
dominant everywhere, while SF(ζ) passes from almost domi-
nant at large scales (k . 10) to subdominant at small scales,
where the ordering is the same as for the homogeneous run A.
Following Chen et al. (2012), another viewpoint of the
anisotropy in the expanding case is given in Figure 3, where
we plot the isosurfaces of constant SF power at three different
levels (marked as dashed lines in Figure 2b), corresponding,
from left to right, to smaller and smaller scales. For a given
value of the isosurface, its shape indicates the correlation of
fluctuations along the three directions of the local frame, and
can be roughly thought as a statistical eddy shape. Since
SF = |δB|2 measures the power in the anticorrelation, the
2 The Reynolds number is computed as Re = (Lin j/Ldiss)4/3 , where Lin j =
(3π/4E)∑k E(k)/k and Ldiss = (ν3/D)1/4. D = ∑k νk2E(k) is the dissipation
per unit mass and E(k) is the omnidirectional spectrum.
3Fig. 2.— Second order SF for the non expanding run, panel (a), and expanding run, panel (b) (compare to Figure 1 in Chen et al. 2012), as a function of
k = 2π/ℓx. SF are accumulated at three different couples of angles, θB and θδB⊥ , corresponding to the parallel direction (ζ, red line) and the two perpendicular
directions (λ in blue, ξ in green) respectively (see Figure 1b). The dotted lines are a reference for the scaling k−1/2, k−2/3 and k−1 in panel (a) and for k−1/2, k−1
in panel (b). The horizontal dashed lines in panel (b) mark the levels at which isosurfaces are drawn in Figure 3.
Fig. 3.— Run B. Isosurface of constant SF power at three levels, logSF = −0.55, − 0.85, − 1.4, corresponding to smaller and smaller scales respectively
(horizontal dashed lines in Figure 2). Colors indicate distance from the origin to help the 3D visualization. Compare to Figure 4 in Chen et al. (2012).
more energetic is the SF along a given direction, the smaller
its correlation. In Figure 3, the smallest correlation (smallest
elongation of the isosurface) is always in the λ direction, but
the direction of the largest correlation changes with scales. At
large scales (Figure 3a), the eddy is more elongated in the ξ
direction, corresponding to δB⊥, at small scales (Figure 3c) it
becomes more elongated along the ζ direction, corresponding
to Bℓ.
The anisotropy shown in Figure 2b and Figure 3 are in very
good agreement with the observations of Chen et al. (2012).
In Figure 2b the small-scale anisotropy (10 . k . 50) is
roughly consistent with critical balance, while the large-scale
behavior (k . 10) requires some more explanation.
The large-scales ordering of SFs is related to the compo-
nent anisotropy of the magnetic fluctuations that originates
from the selective damping induced by the expansion. The
component anisotropy is shown in Figure 4a, where we plot
the reduced energy spectra Ex,y,zB (kx) of the x, y, and z com-
ponents of the magnetic fluctuations compensated by k5/3x , for
runs A and B. While in the non-expanding case energy is dis-
tributed isotropically among the components, in the expand-
ing case the radial component is at least a factor 2 smaller,
at all scales. This behavior is consistent with observations
(Horbury & Balogh 2001) and is generally found in expand-
ing runs (see Dong et al. 2014). The link between the compo-
nent anisotropy and the SF anisotropy is shown in Figure 4b
where we plot their evolution with time. The SF anisotropy
is quantified as the ratio SF(ζ)/SF(ξ) at k = 2π/ℓx = 8 (see
Esquivel & Lazarian 2011; Burkhart et al. 2014 for a similar
analysis on global SF), while the component anisotropy is
evaluated as A =
√
(EyB + EzB)/2ExB at kx = 8. For the ho-
mogenous run A, both ratios are about constant and close to
the value of 1 (isotropy), while in run B both ratios increase
steadily and approximately with the same rate. Thus, in the
expanding case as the heliocentric distance increases the mag-
netic fluctuations are more and more confined in the y, z plane
(the T,N plane), and so also the local mean field will prefer-
entially lie in this plane.
We now show that when the SF is sampled along the ra-
dial direction, the above component anisotropy, EyB, E
z
B > E
x
B,
implies that the SF has a different power along the three direc-
tions ξ, λ, ζ defining the local reference frame. Consider two
vectors B1, B2 at positions x1 and x2 and indicate with B⊥1,2
4Fig. 4.— (a) Energy spectra at t∗ along the radial direction kx for run A (top curves) and run B (bottom curves) for the three R, T, N components of the magnetic
field, Bx, By, Bz (dashed, solid, and dotted lines respectively). (b) Evolution with time of the structure function anisotropy SF(ζ)/SF(ξ)| (thick line) computed at
k = 2π/ℓx = 8 and of the component anisotropy A =
√
(EyB + EzB)/2ExB (thin line) computed at kx = 8 for run A (top) and run B (bot). Asterisks indicate the time
t∗ at which the flyby analysis is presented.
their components in the y, z plane (B⊥ = By + Bz), with α the
angle between them, and with B‖1,2 their projection along x.
Assume also for simplicity
B‖1,2 ∼ O(2) << B⊥1 = O(1) = 1. (1)
The local mean field and the fluctuation in the y, z plane are
given by
B⊥ℓ =
√
1 + B⊥2
2
+ 2B⊥2 cosα, (2)
δB⊥ =
√
1 + B⊥2
2 − 2B⊥2 cosα (3)
(δB⊥ should not be confused with δB⊥ that defines the local
reference frame). These equations simply state that when B⊥1
and B⊥2 are aligned (anti-aligned) the local field B⊥ℓ is large
(small) and the fluctuating field δB⊥ is small (large). The ori-
entation of the local reference frame with respect to the fixed
radial direction x determines which local SF we are measur-
ing: we cumulate the power in SF(λ) or in SF(ζ) or in SF(ξ)
when λ or ζ or ξ lies along x. We thus estimate the leading
order contributions associated to each of them by considering
the power |δB|2 associated to the above three orientations:
• To have power in SF(λ) one needs both Bℓ and δB to
lie in the y, z plane, that is, B⊥
ℓ
>> B‖
ℓ
and δB⊥ >> δB‖.
This condition is readily satisfied from Equation (1),
provided that B⊥2 << B⊥1 , or B⊥2 ∼ B⊥1 and 60o .
α . 120o in Equations (2)-(3), yielding in both cases
SF(λ) ∼ |δB⊥|2 ∼ O(1).
• The contribution to SF(ζ) is obtained when Bℓ is
aligned along x, that is B⊥
ℓ
<< B‖
ℓ
. This happens only
when B⊥2 ∼ B⊥1 and 120o << α . 180o in Equa-
tion (2), implying from Equation (3) a contribution
SF(ζ) ∼ |δB⊥|2 ∼ O(1).
• Finally, to have power in SF(ξ), Bℓ must belong the
y, z plane and δB must have a non negligible x com-
ponent δB‖ > δB⊥/10 (our minimum angular resolu-
tion is 5o). The conditions δB⊥ ∼ δB‖ ∼ O(2) and
B‖
ℓ
<< B⊥
ℓ
∼ O(1) are satisfied in Equations (2)-(3)
only when B⊥2 ∼ B⊥1 and α << 60o, which yield a power
SF(ξ) ∼ |δB⊥|2 ∼ |δB‖|2 ∼ O(2).
Thus, the geometrical constraint imposed by the component
anisotropy induced by expansion, EyB, E
z
B > E
x
B, favors a local
anisotropy with SF(λ) ≥ SF(ζ) > SF(ξ), as is indeed found at
large scales in Figure 2b and in the solar wind observations.
We finally show how the anisotropy of expanding turbu-
lence changes if one samples increments in directions per-
pendicular to the radial. In Figure 5 we plot the SFs of run
B computed along ℓx and ℓy, corresponding to the R and T di-
rections, respectively. The SFs are now compensated by k1/2
to highlight inertial-range scales and the corresponding spec-
tral index. Independently of the direction of increments, the
inertial range extends to smaller scales in the second perpen-
dicular direction (λ) than in the first perpendicular direction
(ξ). The parallel direction (ζ) does not show any convinc-
ing scaling, although having a steeper spectrum. The direc-
tion of increments affect the overall anisotropy. In fact, the
large-scale ordering, characteristic of expansion in panel (a),
disappears when increments are along the transverse direction
(panel (b)), the SF becoming basically isotropic for k . 10.
This can be interpreted as a reduced effect of the component
anisotropy when increments are along the transverse direction
(a similar behavior is seen for ℓ = ℓz, not shown). Moreover
the two perpendicular SFs (blue and green curve) exhibit a
different spectral index, passing from a slope ≈ 1/2 in panel
(a) to steeper spectral index ≈ 2/3 in panel (b). Note finally
that the eddy shape for transverse increments is at all scales
qualitatively similar to the anisotropy in Figure 3c, and thus
differs completely from the cases of radial increments shown
in Figure 3a,b.
4. DISCUSSION
We computed the 3D anisotropy of structure functions with
respect to the local mean field in DNS of MHD turbulence,
including or not expansion. For homogenous turbulence, the
SF is roughly isotropic at large scales and develops scale-
dependent anisotropy at small scales due to the different scal-
ing along the different local directions. The corresponding
spectral indices are roughly consistent with −1/2, − 2/3, and
5Fig. 5.— SF of expanding run B compensated by k1/2 as a function of increments computed along the radial directions k = 2π/ℓx (left), and along the transverse
direction k = 2π/ℓy (right). The two dashed lines are a reference for the scaling k−1/2 and k−2/3.
−1 in the λ, ξ and ζ directions respectively. Such an order-
ing has been predicted by Boldyrev (2006) and implies that
SF(λ) > SF(ξ) > SF(ζ) at small scales. The homogenous run
qualitatively agrees with the above power anisotropy, which
is stable although the precise slopes vary with time and with
sampling direction.
When expansion is taken into account the anisotropy is de-
termined by a well-defined large-scale power anisotropy and
by a different scaling along the parallel direction (ζ) and the
two perpendicular directions (λ, ξ), the latter now having ap-
proximately the same spectral index (≈ −1/2). We found
that the overall SF anisotropy is a consequence of the com-
ponent anisotropy induced by expansion and that it shows up
only when increments are computed along the radial direc-
tion. When increments are along the transverse direction,
the large-scale anisotropy disappears, the eddy shape does
not change with scales (although the anisotropy increases at
smaller and smaller scales), and the SFs exhibit steeper spec-
tral scaling. Thus, the measured anisotropy of solar wind tur-
bulence would change for increments in directions other than
the radial, a situation that may become possible to test with
Solar Probe Plus in its near-sun orbital phase.
Let us compare our results with the observations in the
fast solar wind (Chen et al. 2012). In run B the choice
of the solar wind speed yields, via the Taylor hypothe-
sis, the spacecraft frequencies corresponding to the radial
increments in Figure 2 and Figure 3. For a fast wind
VS W ∼ 800 km s−1, one gets fmin = VS WR0x/L0 ∼ 3 10−5 Hz
and fmax = 512 × fmin ∼ 1.5 10−2 Hz. Our initial fluctuations
have vanishing u, B correlations for easier comparison
between the expanding and homogenous runs, while fast
wind has high correlations. Contrary to the non-expanding
case, initially highly correlated fluctuations lead to fully
developed turbulence in expanding runs (Verdini & Grappin
2015), with a SF anisotropy similar to (expanding) runs with
vanishing u, B correlations. Finally, for scales in between
5-10 hours, the ratio urms/VS W ≈ 0.1 for both fast and slow
wind (Grappin et al. 1990), thus the expanding parameter
ǫ = 0.4 is suited for both types of wind. To conclude, as far as
the local anisotropy is concerned, the results presented in this
Letter are representative of both fast and slow wind and match
observations in the fast solar wind, including the change of
anisotropy with scales. They indicate that expansion, by dis-
tributing energy among different components of the magnetic
fluctuations, affects the local mean field orientation and hence
the observed anisotropy with respect to it. The present results
complement those ones obtained in the recent numerical
study by Dong et al. (2014) on the global anisotropy in the
solar wind. Both studies show that expansion strongly affects
anisotropy of solar wind turbulence at inertial range scales.
Finally, the convergence found with observations proves the
validity of the EBM approach to model and study solar wind
turbulence.
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